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ABSTRACT

In today's world, uncertainty is a crucial concept across nearly all areas of business, economics,
science, and engineering. Numerous theories have been proposed to manage these uncertain or
ambiguous data. Among these, the picture fuzzy set theory stands out as one of the most effective
approaches for meticulously addressing vague data. Cut sets hold significant importance in picture
fuzzy set theory as they serve as the link between picture fuzzy sets and classical sets, playing a
vital role in picture fuzzy arithmetic and decision-making. This article establishes various types of
cut sets for picture fuzzy sets and thoroughly explores several relevant properties.
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1. Introduction

In the real world, many applications contain vaguely
defined data values, including sensor information,
artificial intelligence, and artificial neural networks.
Fuzzy set (FS), which generalizes classical set
theory, was introduced by Zadeh [14] in his seminal
1965 paper to manage inexact and imprecise data,
acknowledging the presence of vague information
across various applications. In 1986, K.T.
Atanassov [1] proposed the intuitionistic fuzzy set
(IFS) to further address this vagueness by
expanding the concept of fuzzy sets. In an
intuitionistic fuzzy set, each element is associated

with a membership degree and a non-membership
degree, with the difference between the sum of
these degrees and unity representing the element's
hesitant degree. Many applications have found that
this hesitant degree can lead to complex situations
in decision-making. In 2013, Cuong and Kreinovich
[5, 6] introduced the picture fuzzy set (PFS), a
robust tool for managing vagueness and uncertainty
by incorporating positive, negative, and neutral
membership degrees for elements. In this
framework, the hesitant degree is split into neutral
and refusal membership degrees. Additionally, the
cut set in fuzzy set theory is a crucial concept that
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plays an essential role in fuzzy arithmetic. Cut sets
play a significant role in fuzzy set theory as they
serve as a link between picture fuzzy sets and
traditional crisp sets, facilitating the analysis and
manipulation of picture fuzzy concepts through
classical set theory. They are essential for executing
operations on picture fuzzy sets, allowing for the
breakdown of picture fuzzy sets into a series of
crisp sets, and are a vital resource in various
applications. The concept of a-cut set in fuzzy set
was initially introduced by L.A. Zadeh [14].
Numerous researchers have identified different
types of cut sets [1,2,4,11] for intuitionistic fuzzy
sets and have explored many of their properties.
Barbhuiya S.R [3] created the quasi cut set for both
fuzzy and intuitionistic fuzzy sets and examined
various related properties. Hasan et al. [9, 10]
defined lower and upper (a,d&,B) —cut sets for
picture fuzzy sets. Dutta and Ganju [7] presented
the extension principle along with (a, &, ) —cut
and strong (a, 8, ) —cut, as well as level sets for
picture fuzzy sets, discussing several of their
properties. A variety of properties and applications
of picture fuzzy sets are reviewed in [8, 12, 13].
This paper introduces several types of cut sets and
quasi cut sets for picture fuzzy sets, discussing
many properties associated with these definitions.

2. Preliminaries

In this section, few elementary definitions are
discussed that will be used in later sections.

Definition 2.1 ([14]). A FS A in U is given by
A={(0,¢,00)):0 €U}, withé,:U—[0,1] and
0<&(0) <L,Vael.

Definition 2.2: [14] Let, A = {(0,£,(6)): 6 € U},
beaFSon U and a € [0,1], then A% =

{0 €U:&,(0) = a}and A% = {0 € U:£,(0) > a}
are the a —cut of A and the strong a —cut of A
respectively.

Definition 2.3 ([1]). An IFS A in U is defined by

A ={(0,£4(0),84(6)): 6 € U},
With &,:U = [0,1], {4:U - [0,1] and 0 < &,(8) +

{(8) < 1;Vv0 € U and the hesitant value, m,(6) =
1—(£4(8) + 44(9)).
Definition 2.4: [1, 2, 11] Let,
A =1{(0,§4(0),84(6)):6 € U} € IFS(U) and
a,B €[0,1], a+ B <1.Then
A@h) = {6:84(0) 2 a ,3,(0) < p} and

A@B* ={0:£,(0) > a,,(0) < B}
are the (a, B) —cut of A and the strong (a, ) —cut
of A respectively.
Definition 2.5: [3] Let, A = {(6,£4(8),0,(0)):0 €
U}bean IFSon U and a, B € [0,1], then the upper
quasi —cut of 4 denoted by Al*#] and is defined by
APl ={g e Uia+&,(0) 21,8+ (0) <1}
Definition 2.6: [3] Let, A = {(6,£4(0),0,(0)):0 €
U}bean IFSon U and a, B € [0,1], then the strong

upper quasi —cut set of 4 denoted by Al*A1* and is
defined by

AleBY =g e Uia+&,4,(0) > 1,8+ 34(0) < 1}.
Definition 2.7: [3] Let, A = {(0,é,(0),{,(0)): 6 €

U}bean IFSon U and a, B € [0,1], then the lower
quasi —cut of A denoted by A, 5 and is defined by

A[a“g] ={9 € UC(+EA(9) < 1 !B+ZA(9) = 1}

Definition 2.8: [3] Let, A = {(0,¢,(0),4(6)):6 €
U} be an IFSon U and a, 8 € [0,1], then the strong
lower quasi —cut set of A denoted by A, 14 and is
defined by Apgp+ ={0 €U:a+,(0)<1,B8+
{a(6) > 1}.

Definition 2.9: [4, 5] A PFS A on U is given by
A =1{(6,84(0),74(0),4(6)):0 € U} with
$4(0),74(0),4(0) €[0,1] and 0 <¢,(0) +
T,4(0) + {,(0) < 1;v6 € U and the refusal value,
mu(0) =1— (fA(Q) + 74(0) + (A(Q));Ve €U.In
the whole paper, PFS(U) represents the collection
of all PFSs in U.

Definition 2.10:[9] Let,
A =1{(0,84(0),74(0),0,(6)):0 € U} be a PFS on
Uanda,y,B € [0,1] with a + y + B < 1, then the
lower (a,y, B) —cut of A is given by
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Ayp) =10 €U:84(0) < a,74(0) <v,0a(6) 2
B}.
That s, ag, = {0€U:§,(00)<a}, v, =

{6 €U:t4(6) <y} and B, = {6 € U:3a(8) 2 B}
are the lower a, y and B- cuts of positive
membership, neutral membership and negative
membership of a PFS A respectively.

Definition 2.11:19] Let,
A ={(0,§4(0),74(0),{4(0)): 6 € U} be a PFS on
U anda,y,B € [0,1] with a + y + B < 1, then the
strong lower (a,y,B) —cut of A is given by
A(a,y,ﬁ)+ = {9 e U: fA(g) <a vTA(Q) <

That is “+§A ={0 €eU:¢,00) <a}, y*u =
{eU:t,0) <y} and ﬁ+zA ={0 € U:{,(0) >
B} are the strong lower «, y and B- cuts of positive
membership, neutral membership and negative
membership of a PFS A respectively.

3. Upper (a,y,B) — Cut Sets for Picture Fuzzy
Sets

In this section, we present different types of cut sets
for picture fuzzy set. Some related properties are
explored. We have followed [2], [4], [6]
Definition 3.1:[10]
Let, A = {(0,¢,(0),7,(0),{4,(6)): 6 € U} be aPFS
onUanda,y,B €[0,1], a+ vy + B <1, thenthe
upper (a,y, ) —cut of A is given by
A@YB) = {0 € U:£,(0) >
a,t4(0) 2 v,3,(0) < B}
That is, a;, ={0€U:§,(0) 2a}, v, =
{6 €U:14(0) 2y} and B;, = {0 € U:{,(0) < B}
are the upper a, y and - cuts of positive
membership, neutral membership and negative
membership of a PFS A respectively.
Example 3.1: Let, U = {a, b, c,d,e} and

A=
{(a, 0.4,0.2,0.4), (b,0.3,0.5,0.2), (c, 0.2,0.3,0.4),}
(d,0.5,0.3,0.2), (e,0.2,0.4,0.4)

be a PFS in U. Let,a =0.3, y=0.2, 8§ =0.5,
then

AV = {6 € U:£,(0) = 0.3,7,(0) >
0.2,{,(8) < 0.5} ={a,b,d}.

Definition 3.2: [10] Let,

A ={(0,8,(0),74(0),24(0)):0 € U} be aPFS on
Uanda,y,B €[0,1], a+y + B <1, thenthe
strong upper (a, y, B) —cut of A is given by
ACYBr = (9 € U:&,(0) > a,1,(0) >

Y.,$a(6) < B}

That is, af, ={0€U:§,(0)>a}, vh=
{0 €U:t,(0) >y} and B, = {6 € U:{,4(0) < B}
are the strong upper «, y and B- cuts of positive
membership, neutral membership and negative
membership of a PFS A respectively.

Example 3.2: Let U = {a, b, c,d, e} and

A=
{(a,0.4,0.2,0.4), (b,0.3,0.5,0.2), (¢, 0.2,0.3,0.4), (d,0.5,0.3,0.2), (¢,0.2,0.4,0.4)} be
aPFSinU. Let,a =0.3, y =0.2, 8 = 0.5, then

ACYB+ = {9 € U:£,(0) > 0.3,1,4(0) >
0.2,2,(0) < 0.5} = {d}.

Theorem 3.3: Let, A € PFS(U), then A@VA+ ¢
Alay.B)

Proof: Let, 8 € A@VF+ then
§a(0) > a,74(0) >y,04(0) < B
= $4(0) 2 a,74(0) 2v,0,(0) < B
= e A@rh,
Alr.B)+ c play.p),
Theorem 3.4: Let, A,B € PFS(U). If A € B, then
(1). Al@rd c playp
(2). A@rb+ c playp+
Proof: (1). Let, 8 € A@YA) Then
$a(0) 2 a,74(8) 2v,04(0) < B
As A € B, we have
§4(0) < &(0),74(6) < 15(6),04(6) = {5(0)

= &p(0) 2 84(0) =2 a,15(0) = 14(0) 2 v,{3(0)
<@ <p
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=8(0) 2 a,15(0) 2y,00) <p
= 0 € B@rh),
- A@rB) c gy

(2). Let, 6 € A@rB* Then &,(0) > a,14(8) >
As A € B, we have
§4(6) < &5(0),74(0) < 15(6),34(0) = {5(0)
= $5(0) = 84(0) > a,75(0) = 74(0) > v, {5(0)
<q0)<p

=$p(0) > a,75(0) >v,05(0) <P
= g € BlarP+
- A+ c glay.p+
Theorem 3.5: Let, A,B € PFS(U),then A =B
implies

(1)_ Al@r.B) — B(a.y.ﬁ)7

(2). A@rB+ = play.p+,
Proof: (1). Let, 8 € A@Y#) then &,(0) >
a,t4(0) =v,04(0) <B.
As A = B, we have

$p(0) = &4(0) =2 a,75(0) =714(0) = v,35(0)
=0,0)<p

= $p(0) 2 a,75(0) 2v,{(0) < B
= 6 € B@rp,
-~ A@r.f) c play.p),

Again, let 8 € B@YH) then &5(0) = a,15(0) =

As A = B, we have

§a(0) =$5(0) =2 a,14(0) = 15(8) = v,0a(6)
={0)<p

= §4(0) 2 a,74(0) 2y,0(0)<p

= € A@rh,

. B@rB) c g@r.p).

Thus, A@V-F) = play.p),

(2). Let, 0 € A@YP* then £,(0) > a,14(0) >
y ) (A (9) < ﬂ

As A = B, we have

$p(0) =&4(0) > a,15(8) = 14(0) > v,05(6)
= (A(g) < ﬂ

= &0)>a,15(0) >y,00) <p

= 6 € B@rh+

. A@rB)+ c play.p)+

Again, let € B@rB+ then &,(0) > a,15(0) >

As A = B, we have

§a(0) =&5(0) > a,74(0) = 15(8) > v,34(0)
={p ) < B

= §400) > a,74(0) >y,0(0) <p

> 6 A@rpr,

- B@y.p)+ c glay.p)+,

Thus, A@Y.A+ = glay.p+

Theorem 3.6: Let, A,B € PFS(U), then
(1). (AnB)@rh = g@rB) n plarh)
(2). (AnB)@rP+ = pglarf+ n playp+
Proof: (1). Wehave, ANB< AandANB S B
Hence from Theorem 3.4, we have

(An B)(a,%l?) c Al@y.p)
B@y.B)

and (AnB)@rh c

= (A N B)@rh) c A@v.f) n play.p)

Again, let 6 € A@YF) n p@yh

= 0 € A@rF and § € B@VH

§4(0) 2 a,§5(0) = a = min{§,(0),§5(0)} = a
T4(0) 2y, 75(0) 2y = min{t4(60),75(0)} = ¥
a(6) < B,3p(6) < B = max{ls(6),{p(6)} < B
= 6 € (An B)@A

= A@v.B) o play.B) c (AN B)(a,y,ﬁ)

Hence, (A N B)(a.y.ﬁ) = Alav.B) o play.p)

(2. Wehave, ANB<c AandANB S B

Hence from Theorem 3.4, we have
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(An B)@rB+ c Al@rB+ and (A n B)@r B+ c
Blav.)+

= (A n B)@rbi+ c g+ n playp+
Again, let § € AP+ n plarp+
= 0 € A@rP*and g € Bl@r P+
§4(0) > a,&5(0) > a = min{§,(0),§5(0)} > a
74(0) > v,75(0) >y = min{t4(60),75(0)} >y
$a(0) < B,35(0) < B = max{l,(6),{5(0)} < B
=0 € (AnB)@rh+
= A@rh+ n plavh+ c (4 n B)l@rh+
Hence, (A n B)@r A+ = gy p+ n gplaypl+
Theorem 3.7: Let, A,B € PFS(U), then
(D).
).

Proof: (1). Since A AUB and S AUB , then
from Theorem 3.4, we have

A@rB) ¢ (4 u B)@rh) and pl@rh)
(AU B)@vh)

= A@rB) y plarh) c (4 u B)@rh)
Thus, (A U B)@VF) 2 A@r.B) y plarh),

(2). Since AAUB and € AUB , then from
Theorem 3.4, we have

Al@r B+ c (4 u B)@rh+
(A U B) @B+

= A@vB+ y plavh+ c (4 u B)@rh+
Thus, (4 U B)@VBA+ o glay.f)+ y play.f+
Theorem 3.8: Let, A € PFS(U).

(A V] B)(“J’:ﬁ) ) A(“'Y'ﬁ) V] B(QJ"B)
(A U B)(“:V:ﬁ)‘*‘ D A(%Yﬁ)*’ U B(“J’ﬁ)*’

and Bl@rp+ c

(1) If aq = a,V1 = Y2 'Bl < ,82, then
Al@nyiB) A(az;l’z‘ﬁz)’
2. If ay=ay,71 272,01 <P, then

AlavyiB+ ¢ glazyaB)+,

Proof: (1). Let, 8 € A@1¥1FD then &,(8) >
ay,74(0) = y1,04(0) < By
Since a; = a,,y1 = V2, B < B, S0

§a(0) = ay,14(0) 2 y,,04(0) <P,

= 0 € Al@2y2.p2)
& AlevyiB) ¢ glazyz.B2)

(2). Let, 8 € A@r1BO* then &,(0) > ay ,14(0) >
Y1,64(0) < By
Since a; = ay,¥71 =2 v2, 61 < B2, 50

§a(0) > a3, 14(0) > v2,04(0) < B
= 0 € Al@2r2.B2)+

o AlawyuBo+ ¢ glazya.B2)+

4. Upper Quasi-Cut( Q —Cut) Set for Picture
Fuzzy Sets

Definition 4.1: Let,

A =1{(6,8,00),7,4(0),,(0)):0 € U} be aPFS on
Uand a,y,B € [0,1], then the upper quasi-cut(

Q —cut) of A denoted by A!*"A] and is defined by

AlvBl =g e U:a+&,(0) =21,y +14(60) =
1,8 +3,(0) <1}
Example 4.1: Let, U = {a, b,c,d} and
A=
{(a,0.3,0.4,0.3), (b,0.4,0.5,0.1), (c, 0.6,0.1,0.3), (d, 0.5,0.3,0.2) }
be a picture fuzzy setin U. Leta = 0.7, y = 0.8,
B = 0.2, then

AlevBl = (0 € U : 0.7 4 &,(0) = 1,0.8 + 1,4(0) >
1,024 3,(0) <1} ={a,b,d}.

Definition 4.2: Let,

A =1{(6,8,(0),7,4(0),,(0)):0 € U} be aPFS on

U and a,y, B € [0,1], then the strong upper quasi-

cut( Q —cut) of A denoted by Al@Y£l+ and is

defined by

AleYBlY = (g e U:a+&,0)> 1,y +1,00)
>1,8+4(0) <1}

Example 4.2: Let, U = {a,b,c,d} and

A=

{(a,0.3,0.4,0.3), (b, 0.4,0.5,0.1), (c, 0.6,0.1,0.3), (d, 0.5,0.3,0.2)}
beaPFSinU.Let,a =0.7, y =08, f =0.2,

then

AlevBl+ — g ey :07+&,00)>1,08+
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Theorem 4.3: Let, A,B € PFS(U). If A € B, then
(1). AlevB8l ¢ glay.pl
(). Alav.Bl+ c glay.Bl+
Proof: (1). Let, 6 € Al*7Fl. Then a +&,(6) =
1,y+7,0)=1,8+0(0)<1
As A € B, we have
§4(0) < £5(0),74(0) < 75(8),4(0) = ¢5(0)
= 6 € BleV A,
~ AlevBl c play.B
(2). Let, 8 € Al®VAl+ Then, a+&,(0) > 1,y +
74(0) > 1,8+ 3a(0) <1
As A € B, we have
pp(x) = pa(x),t5(0) = 74(0),{5(0) < (4(0)
=>a+&(0)>1,y+15(0)>1L+06) <1
= 9 € Blavhl,
~ Alav.Bl+ c play.Bl+
Theorem 4.4: Let, A,B € PFS(U). If A = B, then
(1). Alevhl = play.pl
(2). Alav.Bl+ = glay.Bl+
Proof: (1). Let, 8 € Al*Vl then a + £,(0) >
Ly+w@0)=1,8+3(0) <1
As A = B, we have
§a(0) = $&p(0) ,14(0) = 15(8),a(6) = {5(6)
S>a+é0)=1,y+150)=1,8+06) <1
= 6 € Blevfl,
- Alev.Bl ¢ glay.Bl,
Again, let 8 € BleVAl thena + &5(0) = 1,y +
75(0) 21,8+ {3(6) < 1.
As A = B, we have
§a(0) = $&p(0) ,14(0) = 15(8) ,a(6) = {5(6)
sa+é,0)=1,y+1,060)=21,8+0,(0)<1
= 6 € Alevhl,
+ Blav.Bl c glay.Bl

Thus, Al*v.Al = play.Al,

(2). Let, 0 € Al*VE* thena + &,(0) > 1,y +
74(0) > 1,8+ 4(0) <1

As A = B, we have

§a(0) = &p(0) ,14(0) = 15(0),44(6) = {5(0)
=>a+80)>1,y+15(0)>1,8+3(0) <1
= 0 € Blavfl+,

~ AleyBl+ ¢ glayBl+

Again, let 8 € BlevAl* ‘then a + &5(0) > 1,y +
55(0) > 1,5+ (0) <1.

As A = B, we have

£4(0) = &5(6) ,74(8) = 75(6) ,Ca(6) = (s (6)
Sa+8(0)>1,y+1,(0)>1,8+0,(6) <1
= 6 € AlerBl+

.. BlayBl+ c glayBl+

Thus, Alev.Bl+ = play.Al+

Theorem 4.5: Let, A,B € PFS(U), then

(1). (A n B)l@rBl = glav.fl  playFl
(2). (A n B)l@rBl+ = playBl+ o playpl+

Proof: (1). We have,
ANBcAandANBCSB
Hence from Theorem 4.3, we have

(A n B)levBl ¢ pglaypl
Blay.B]

= (A n B)l@vBl ¢ glav.Bl  play.p]
Again, let 8 € AlerAl n plav.f]
= 0 € Al*vBl gnd 9 € Blev.Al
a+é0)=1,a+&0)=1

= min{é,(0),ép(0)}+a =1
y+10) =1y +1500) =1

= min{t,(0),75(0)} +v 2 1

B+3a(0) <1,B+3(0) <1
= max{{s(0),{s(0)}+f <1
= 6 € (An B)l@vhl
= AlevBl o plavBl ¢ (4 n B)lar Al
HenCE, (A n B)[a'y'ﬁ] = A[a:)’:ﬁ] n B[avyvﬁ]

and  (AnB)levhlc
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(2. Wehave, ANB< AandANnB S B
Hence from Theorem 4.3, we have

(AN B)lerfl+ c pglavFl+ and (A n B)lerAl+ c
Blay.Bl+

= (A n B)larBl+ ¢ glav.l+ o playpl+
Again, let 6 € AlevBl+ o play.fl+
= 0 € AlevFl+ and g € plerAl+
a+&0)>1,a+&5(0)>1
= min{,(0),&5(0)} +a > 1

y+1,00)>1Ly+1506)>1
= min{t,(0),753(0)} +y > 1

B+Ea®) <LB+(0) <1

= max{{4(6),{3(0)} + B < 1
= 6 € (An B)l=rAl+
= AlevBl+ q plavfl+ ¢ (4 n B)lerBl+
Hence, (A n B)l@rAl+ = plav.Bl+ q playpl+
Theorem 4.6: Let A, B € PFS(X), then

(1). (A u B)l@vBl o glev.Aly playEl
(2) (AUB)‘ZYB]"'DA“Y,B UBayﬁ

Proof: (1). Since A€ AUBand B € AU B, then
Hence from Theorem 4.3, we have

AlevBl ¢ (4 u B)@r Al and BlevAl ¢
(A U B)lavFl

= AlevBly plavfl ¢ (4 u B)larF]
Thus, (4 U B) @Al o pglav.fly play.pl
(2). Since A€ AuBand € AU B, then
Hence from Theorem 4.3, we have

AlevBl+ ¢ (4 u B)levAl+
(A U B)lavBl+

= AlevBl+ y glavfl+ ¢ (4 u B)lerAl+
Thus, (A U B)@vEl+ o glayBl+ y play.fl+
Theorem 4.7: Let, A € PFS(U).

D. If a < ay,¥1 <2, B 2 Ba,
Alavyibid ¢ pglazyzbal

and  BlevAl+ c

then

2. f  a<ay,y1<v2,B = B2 then

AlevyiBal+ ¢ glazyz.B2l+
Proof: (1). Let, 8 € Al*rv1hil then a, + £,(0) =
Lyr+7a(0) 21,8, +34(0) <1
Since aq < a, V1 < V2 ,ﬁl > ﬁz
= a; +84(0) 21,7, +74(0) 21,8, + 34(0) <
1
= 0 € AlazraB2]
- AlawviBil ¢ glazya.Bal

(2). Let, 8 € Alervibil* then o, + &,(6) >
1,y1+7a(0) >1,6,+3,(0) <1

Since aq < a, V1 < V2 ,ﬁl > Bz

S ay +84(0) > 1,7, +74(0) > 1,8, +3,(0) <
1

= 0 e Alazv2.B2l+,

- AlevyiBil+ ¢ glazyaBel+

5. Lower Quasi-Cut( Q —Cut) Set for Picture
Fuzzy Sets

Definition 5.1: Let,
A={(0,84(0),74(0),0,(0)):0 € U} be aPFS on
U and a,y, B € [0,1], then the lower quasi-cut(

Q —cut) of A denoted by A, 5 and is defined by

Agyp) =10 EU:a+8,4(0) <1,y +71,00) <
1,8+ ¢4(0) = 1}.
Example 5.1: Let, U = {a, b, c,d, e} and

Ao {(a 0.4,0.4,0.2), (b, 0.2,0.6,0.1), (¢, 0.4,0.1,0.5), (d, 0.3,0.2, 03)} .
(e,0.2,0.3,0.4)
a picture fuzzy set in U.

Leta = 0.6, y = 0.2, § = 0.8, then

A[a,y,[?] = {9 eU:0.6 + fA(G) <1 ,02 + TA(H) <
1,08+ {4(0) =1} ={a,c,d,e}.
Definition 5.2: Let,
A =1{(6,8400),74(0),04(6)):6 € U} be aPFS on
U and a,y,B € [0,1] , then the strong lower quasi-
cut( Q —cut) of A denoted by A, g1+ and is
defined by

Ap ={0eU:a+é,00)<1,y+1400) <

1:B + {A(e) > 1}'

ay.pl+
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Example 5.2: Let, U =

A=
{(a, 0.4,0.4,0.2), (b,0.2,0.6,0.1), (c,0.4,0.1,0.5),(d, 0.3,0.2,0.3), (¢, 0.2,0.3,0.4)} be
aPFSinU. Let, a =06, y = 0.2, f = 0.8, then

Agyp+ =0 €U:06+,4(0) <1,02+
17,(0) <1,08+4+ {,(0) > 1} ={d,e}.
It can be noted that, Ay, 51+ € Afay,p]-
Theorem 5.3: Let, A, B € PFS(U). If A € B, then
(1) Blayp1 S Alaypl
(2): Blaypi+ S Alay.pl+:
Proof: (1). Let, 0 € Biy,p. Then a+¢&5(6) <
1,y+150)<1,8+ {z(6) =1
As A € B, we have
$4(0) < &5(0),74(0) < 15(0),04(0) = (5(0)
>a+é,0)<1,y+1,0)<1,8+ {4,(0)=1
= 6 € AlevFl,
.. Blav.Bl ¢ glav.Bl

{a,b,c,d,e} and

(2) Let, 0 € B[a,y.ﬁ]+' Then a+ 53(9) <1l,y+
75(6) <1,8+ {(6) > 1
As A € B, we have
$a(0) < &5(0),74(0) < 15(0),04(0) = (5(6)
> a+é,0)<1,y+1,0)<1,8+ 4(0)>1
= 0 € AlerBl+
- Blav.Bl+ ¢ play.Bl+
Theorem 5.4: Let, A,B € PFS(U),then A =B
implies

(). Afay.p1 = Bay.p):

(). Awypi+ = Blayp+-
Proof: (1). Let, 6 € Ajyy ), then a + £,(0) <
1,y+1,0)<1,8+ (4,(6)=1
As A = B, we have
$a(0) =5(0),74(0) = 15(6) ,3a(0) = {5(6)

> a+&0)<1,y+1530)<1,8+ (5(0) =
1

= 0 € B[a,y.B]'

- Alay,p) € Blay,pl-

Again, let 6 € By, g, then a +&5(6) <1,y +
5(0) <1,8+ {5(6) = 1.

As A = B, we have

$4(0) =$5(0),74(6) = 75(8) ,{a(0) = {5(0)

> a+&0)<1,y+17,0)<1,8+ {4,(6)=1

$96Aa-y‘3

“ Blay,p1 € Alay.pl-

Thus, Ajgy,51 = Blay.p-

(2). Let, 0 € Ajgy py+. thena +&,(0) <1,y +
7,4(0) > 1,6+ (4(0) > 1

As A = B, we have

fA(g) = EB(G)JTA(G) = 73(9) :(A(g) = 53(9)

> a+é&O)<1l,y+150)>1,8+ (z(6)>1

= GEBM,B

“ Ay pi+ € Blaypi+:

Again,

Let, 6 € Bigy g+, thena +&5(0) <1,y +

75(0) > 1,8+ (5(0) > 1.

As A = B, we have

§a(0) = &5(0),74(0) = 75(0),34(0) = {5(0)

= a+&,0)<1,y+140)>1,8+ 4(60)>1

= QEAOVVB

“ Blaygl+ S Alay.p1+

Thus, Ajayg1+ = Blay,p1+-

Theorem 5.5: Let, A, B € PFS(U), then
(). (AUB)ayp = Alayp N Biaypl
). (AUB)jayp1+ = Alayp+ N Blayp+
@) (AuB )[a.y.ﬁ] € Afay,p) Y Blay,ps
4). (Av B)[a,y.l?]+ S Aay.p+ Y Blay.p+

Proof: (1). SinceA€ AuBand B € AU B, s0
from the Theorem 5.3, we have,

(A U B)[a,y,ﬁ] [ A[a,y,ﬁ] and (A U B)[a,y,/?] c
Biayp
= (AU B)ay,p) € Alay.p1 N Blayp-
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Again, let6 € A[a,y.ﬁ] n B[a,y,ﬁ]
=> X € A[a,y,ﬁ] and x € B[a,y,ﬁ’]
s>a+é,0)<1,a+&(0)<1

= max{&4(0),é5(0)}+a <1

y+1,0)<1,y+1506)<1
= min{t,(0),75(0)} +y <1

B+3O)=1L+0)=21 =
min{{,(6),{s(6)} + B =1

=60 € (AUB)ayp-

Therefore, Ajqy 51 N Blay,p1 € (AU B)iayp1-
Hence, (A U B)[ay,51 = Alay.p] N Blay.p)-
(2). Proof is similar to proof of (1).

(3). SinceAc AuBandB € AU B, so from the
Theorem 5.3, we have,

(AU B)ayp € Alayp and (AU B)[qyp5 S
Biay

= (AU B)ayp1 S Alay.p Y Blayp

(4). Proof is similar to proof of (3).
Theorem 5.6: Let, A € PFS(U).

D). If & <a,,y1<v;,B1 =P,  then
A[az-yz-ﬁz] < A[abl’l:ﬁﬂ’
2.1 ay<ay,y1<y2,p1 =B,  then

Alazyz 2+ S AlarysBil+
Proof: (1). Let, 6 € A4, ,, 5,1, then
ay +84(0) < 1,7, +74(0) < 1,5, +04(0) = 1
Since a<0y,Y1 Y2 ,,81 = Bz

Sa;+8,0) <1,y +14(0) < 1,8, +,(0) =
1

= 0€ A[“LVLﬁl]'
A[“z,yz,ﬁz] < A[“Lh,ﬁﬂ'

(2). Let, 0 € Ajg,,, 5,1+, then a, + £,(8) <
1,7, +74(0) <1,B,+,(60)>1

Since a; < ay,¥1 <V2,P1 =P

Sa;+84(0) <1,y +14(0) <1,6,+3,(0) =
1

= GEA[

a1,y1,B1]+:
A[“zJ’zﬁz]*’ < A[am’l.ﬁl]""
6. Conclusions

Consider a picture fuzzy set, which serves as a
direct extension of the intuitionistic fuzzy set and is
a recently developed tool for addressing uncertainty.
It effectively models situations where multiple
responses are possible, such as yes, abstain, and no.
The cut sets of picture fuzzy sets play a crucial role
in arithmetic operations, including addition,
subtraction, multiplication, and division of picture
fuzzy numbers. This paper discusses the upper
(a, 8, B) —cut set for picture fuzzy sets, highlighting
various properties. Additionally, the definitions of
upper and lower quasi cut sets for picture fuzzy sets
are provided, along with a comprehensive
description of several related properties. The
concepts of cut sets will be utilized to formulate
decomposition theorems and will find applications
in diverse areas such as picture fuzzy analysis,
picture fuzzy algebra, picture fuzzy reasoning, and
picture fuzzy clustering, particularly in decision-
making processes.
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