
 Saha et al./ JnUJSci., Vol. 08, No. II, June. 2022, pp. 714 7 

 

Shallow Folded Potential for +
24

Mg Elastic Scattering 

 
   Research Article   

Shuva Saha, Proma Modal, Dipika Rani Sarker and M. Nure Alam Abdullah* 

Department of Physics, Jagannath University, Dhaka-1100, Bangladesh 

 

Received: 03 April 2022 

Accepted: 15 May 2022 

Abstract: The experimental angular distributions of +
24

Mg elastic scattering are analyzed using the shallow folded 

potential in the framework of the optical model (OM). The present folded potential is constructed using 

both alpha-alpha  and alpha-nucleon  interactions. The best-fits to the experimental data yield 

the number of nucleons making -like cluster  = 20.0 and the number of unclustered nucleons = 4.0 

in a time-averaged picture. The volume integral per nucleon pair for the real part of the potential has been 

found to vary between JR/(4A) = 188.9 MeV.fm
3
 and  JR/(4A) = 166.9 MeV.fm

3
 in the energy range Eα = 

28.0-81.0 MeV. The root-mean-square radius has been deduced and found to be 3.033 fm. 
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1.  Introduction 

The knowledge of nucleus-nucleus interaction is 

important as it provides the basic understanding of the 

structure of matter as well as the universe at the deepest 

level. Various methods have been used to describe the 

phenomena for a quite long time including those with a 

sharp cut-off in the nuclear potential and those containing 

a diffuseness parameter in the nuclear potential. To 

explain the scattering due to nuclear forces i.e. to fit the 

angular distributions of the emitted particle, the nuclear 

potential is to be taken into account. There are a number 

of potentials to explain various nuclear properties. Out of 

them, the optical model (OM) potential enjoys success in 

explaining nuclear scattering for a quite long time since it 

can explain the loss of flux from the incident channel to 

the outgoing channels. 

The unusual enhancement of cross section at large angles, 

initially observed for 
16

O and 
32

S by Correlli et al. (1959), 

is a prominent feature of the -induced elastic scattering 

data from the light nuclei for incident energies up to about 
50 MeV. Since then it has been found for a number of 

different targets up to 
48

Ca (Gruhn et al., 1966 and Wall et 

al., 1975). This enhancement of cross section is termed as 

anomaly in large angle scattering (ALAS). The ALAS 

effect is prominent for targets of mass         
         . As the energy of the incident -particle 

increases, the ALAS effect dies down and gives rainbow 

scattering with fall in cross sections beyond a certain 

angle of scattering. The ALAS effect makes the -particle 

elastic scattering a challenging one. Over the last six 

decades, different types of -nucleus potentials have been 

tried to fit the experimental angular distributions of  

elastic scattering. The Woods-Saxon (WS) potential, 

although can successfully explain the nucleon-nucleus 

scattering, fails to describe the elastic scattering of -

particles (Kemper et al., 1972). The squared WS (SWS) 

potential (Michel et al., 1986, Michel et al., 1995) and 

non-monotonic (NM) potential (Tariq et al., 1999, 

Abdullah et al., 2002, Abdullah et al., 2005) have been 

found successful in explaining the  elastic scattering on 

different targets including the ALAS. Folded potential is 

also a good candidate and often used to construct the -
nucleus potentials.  
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Microscopic double-folded (DF) potential of nucleon-

nucleon (N-N) interaction (Kobos et al., 1984, Atzrott et 

al., 1996, Khoa, 2001) and semi-microscopic single-

folded (SF) potential of either  -  or  -  interaction (Li 

and Yang 1993, Yang and Li 1993, M. El-Azab Farid 

1990, Farid et al. 2001, Singh et al. 1975, Neu et al. 1989) 

have been found satisfactory in accounting for the elastic 

scattering of  -particles from various nuclear targets. 

However, a renormalization factor              

(Kobos et al. 1984, Li and Yang 1993, Yang and Li 1993) 

is required for the folded potentials (both DF and SF) to 

account for the experimental  elastic scattering data. For 

+
12

C and +
16

O elastic scattering, Khallaf et al. (1997) 

could manage to have      in terms of a complex 

folded potential using two additional parameters,    

and   , which, in turn, renormalize their potential. Farid et 

al. (2001) employed SF potentials of interaction to fit 

the experimental +
16

O elastic scattering data at energies 

between 32.2 and 146.0 MeV using an energy-dependent 

renormalization factor. In his work, D. T. Khoa (2001) 

analyzed the angular distributions of cross section for 

three  energies viz. 54.1, 80.7 and 104.0 MeV using DF 

potentials of realistic density dependent modified 3-

parameter Yukawa (DDM3Y) interaction. Here again, the 

renormalization factor had been found to be          
     and the experimental data were limited to about 

     scattering angles. Avrigeanu et al. (2003) used a DF 

potential to describe the  elastic scattering data on 
89

Y 

and 
90,91

Zr without any renormalization. However, they 

had to use a difficult calculation that included a density 

dependent  -  interaction, an energy-dependent factor 

with an extra parameter, the exchange integral and the 

dispersion effect (Mahaux and Ngô 1982, Nagarajan et al. 

1985, Mahaux et al. 1986) of the imaginary potential on 

the real potential. Ornelas et al. (2015) analyzed the 

 -particle elastic scattering on 
106

Cd for incident energies 

ranging from 15.6 to 26.0 MeV in terms of DF potential 

using N-N interaction parameterized by DDM3Y 

interaction. All the folded potentials, discussed here, are 

deep in nature with volume integrals for the real part 

           ⁄  MeV.fm
3
. 

In 2003, Abdullah et al. (2003, 2003) suggested a single-

folding model of mixed  -  and  -  configurations, the 

resultant SF potential from which does not require any 

renormalization. They were able to explain the elastic 

scattering of  -particles by 
16

O, 
40.44,48

Ca, 
58,60,62

Ni, 
28

Si 

and 
90

Zr targets for a wide range of incident energies 

using this modified SF  (MSF) potential (Abdullah et al., 

2003, Abdullah et al., 2003, Billah et al., 2005, Abdullah 

and Shil 2014, Abdullah et al., 2014). Hossain et al. 

(2006) satisfactorily described the experimental 
16

O+
12

C 

elastic scattering data using the MSF potential. In their 

works, Hassanain et al. (2008, 2013) successfully used the 

MSF potential to account for the 
12

C+
12

C and 
16

O+
16

O 

elastic scattering data. Like other folded potentials (both 

DF and SF), the MSF potentials are also deep in nature.  

Tariq et al. (1999) satisfactorily described the +
24

Mg 

elastic scattering using the shallow NM 

(             ⁄  MeV.fm
3
) and deep SWS 

(                      ⁄  MeV.fm
3
) potentials. 

Abdullah et al. (2016) analyzed the elastic scattering of -

particles from 
24

Mg in terms of the deep MSF potential 

with real volume integrals from              ⁄  

MeV.fm
3
 to              ⁄  

MeV.fm
3 

derived from 

the single-folding model of Abdullah et al. (2003). The 

prime purpose of the present work is to analyze the 

experimental angular distributions of +
24

Mg elastic 

scattering at incident energies          MeV in 

terms of shallow MSF potential with  |      ⁄ |      

MeV.fm
3
 without any renormalization. 

Section 2 of this article presents the theoretical formalism 

of the MSF potential. The analyses of the data and derived 

results are presented in section 3. Discussion on results 

and conclusions are drawn in section 4. 
 

2. Theory 

-clustering provides wide-ranging applications in nuclear 

reactions and nuclear structure. Because of the high 

symmetry and high binding energy of -particles, 

nucleons inside the nucleus are likely to condense into 

particles and live long enough to affect many properties of 

nuclei as well as the cross sections of nuclear reactions, 

particularly those with particles as the projectile. 

 

Figure 1. Single-folding model of Abdullah et al. (2003). 

The larger spheres in the target nucleus are the -cluster 

and smaller spheres are the unclustered nucleons. 

Following the work of Block et al. (1971), a system of the 

projectile ( -particle) and the target nucleus having A 

nucleons in the metastable state has been considered. The 

wave function   of the composite system at a given time 

can be expanded in terms of an orthonormal set of wave 

function    
as 

            ∑                 .     (1) 

Here, the summation is over all coordinates          . 
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The amplitude An, in Eq. (1), is the scalar product of the 

wave functions    and  , i.e,           and 

determines the amount of a particular configuration 

present in the composite system at a particular time. In the 

target-projectile system, both    and the total 

Hamiltonian H can be expressed in terms of the relative 

coordinate R of the alpha-target system and the intrinsic 

coordinates of nucleons in the incident  and the target 

nuclei marked as primes with anti-symmetrization: 

   ∑            
          

  

 

                            [              ],            (3) 

and           
  

  
  

                 

   [                   ] 

                        [                ].         (4) 

In Eq. (4), M is the reduced mass, Hint denotes the 

potential between the nucleons in the incident -particle 

and the nucleons in the target nucleus. Orthonormality 

condition gives the following relation: 

*
  

  
 (  

      
 )             

          +         

∑[                     ]       .                       (5) 

Here, the summation on the right side stands for all cases 

except    ,     and    .  

The potential            is given by 

           (                 ),                    (6) 

where,            , respectively denote  the wave 

functions of H0 and H with eigenvalues             

satisfying 

       
             ⁄ .  

In Eq. (5),            denotes the non-local potential 

arising from the Pauli principle. If we consider the 

projectile  as an isolated boson, in the first 

approximation, we can neglect the exchange contributions 

of the incident -particle with -like cluster as well as 

with single fermion-like configurations in the target 

nucleus. Furthermore, in the absence of sharp resonance, 

the energy- averaged contribution of the coupling terms 

leads to a complex potential (Feshbach, 1958 and 1962). 

In this approximation, denoting the average -nucleus 

potential by U(R) due to intH , Eq. (5) can be written, after 

dropping the subscripts, by 

* 
  

  
            +      .    (7) 

Equation (6) now assumes the form 

             (                 ).  (8) 

If           nucleons exist in cluster-like state and 

(         ) nucleons in unclustered nucleonic state in 

the target, then denoting the center of mass coordinate of 

the projectile  by    and the coordinates of the nucleons 

in -like cluster and unclustered nucleons as indexed by i 

and j respectively, Eq. (8) can be cast in the following 

approximate form: 

     (           [∑        |     |   
   

∑     (  |     |)
 
     ]      ).  (9) 

Now approximating wave function of the target nucleus 

by, 

     
             

                         .

 (10) 

with           
are the wave functions of the -like and 

unclustered nucleonic configurations respectively and 

integrating over   , one can write Eq. (9) in the form 

     

(    
                       [∑     |    |   

   

∑    (|    |)
 
     ]    

             

         ).  (11) 

Here,             are respectively the potentials of the 

projectile with the -like clusters and with unclustered 

nucleons in the target nucleus. 

If                   are respectively the density 

distributions (DDs) of the -like clusters and unclustered 

nucleons in the target, the MSF potential, given in Eq. 

(11), can be written as 

     

∫          |    |  
    ∫          |  

  |     . (12) 

The 3-parameter Fermi (3pF) DD function (De Vries et al. 

1987) for                   has been used and is given 

by 

         (   
  

  
 ) *     (

    

  
)+

  
,         (13) 

with i = , N.  

Assuming that the target nucleus is composed of A-

clusters with 4A nucleons and AN unclustered nucleons, 

then the normalization integral can be written (Abdullah 

et al. 2003) as 

∫       
    ∫                     . (14) 
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If the value of the parameters in the density distributions 

                  are such that the integral value AT in 

Eq. (14) is different from the target mass number A, then 

one may define the renormalization factor Nr as 

            .          (15) 

According to the assumptions given in (Abdullah et al. 

2003, Abdullah et al. 2003) including the basic premise of 

Ali and Bodmer (1966), the - potential can be 

expressed as 

                
                    

    , (16) 

where, VR and VA are respectively the depths of the 

repulsive and attractive parts of the  -  potential with R 

and A as their range parameters.  

For the N potential, the following form (Ali et al. 1985) 

has been taken: 

                    , (17) 

where, k is the range parameter.   

The following phenomenological Gaussian potential is 

used in conjunction with the real potential: 

           ( 
  

  
 )         [ (

    

  
)
 
].  (18) 

The Coulomb potential       is given by 

      {

     
 

   
(  

  

  
 )       

     
 

 
                               

   (19) 

where, the Coulomb radius is       
 

 ⁄ . 

3. Analysis and Results 

The +
24

Mg elastic scattering data have been taken from 

Neu et al. (1989) which contain cross sections over a 

complete range of scattering angles. The experimental 

data have been analyzed using the optical model code 

SCAT2 (Bersillon, private communication) in conjunction 

with the    minimization code MINUIT (James and Roos, 

1975). The parameters of the MSF potential have been 

obtained by minimizing χ
2
 defined by 

     
 

 
∑ [

                

         
]
 

   (19) 

Here  i exp  is the experimental cross section with 

 i exp  as its error at the angle
i .  ith  is the 

calculated cross section using the MSF potential and N is 

the number of data points for a particular projectile 

energy. 

To generate the shallow MSF -
24

Mg potentials, the 

experimental data have been analyzed at 6 energy points 

namely 28.0, 42.0, 50.0, 54.0, 67.0 and 81.0 MeV using 

the 3pF density distribution, given in Eq. (13). The 

analyses have been carried out using the complete - 

interaction including both attractive and repulsive parts, 

and the -N interaction. In the analyses, the parameter 

values,           MeV and          fm
-1 

in Eq. 

(16) have been taken from Buck et al. (1977);          

MeV and         fm
-1 

in (3.38), from Sack et al. 

(1954). The Coulomb radius parameter         fm 

together with the values of   ,   ,    and k have been 

kept fixed throughout the whole range of incident 

energies. The parameters      and    of the -density 

distribution, given in Eq. (13), have been taken from De 

Vries et al. (1987). The diffuseness parameter    of the 

unclustered nucleonic density distribution has been kept 

same as that    of the -density distribution. The value of 

   has been adjusted for the best fits to the whole range of 

24
Mg elastic scattering data, which has been found to 

be         fm. The values of     and     have been 

kept fixed for all the incident  energies and found to be 

0.03538 fm
-3

 and 0.1995 fm
-3 

respectively in order to 

satisfy the normalization integral in Eq. (14). The values 

of density parameters, and the energy independent best-fit 

parameters along with the root mean square radius of the 

shallow MSF -
24

Mg potentials are noted in Table 1. 

Table 1. Energy independent parameters of the density distributions and the deduced results.     and     are in fm
-3

; 

c, cN , a= aN, and Rrms are in fm. 

        cα cN a= aN w 4Aa AN  Nr Rrms 

0.03538 0.1995 3.108 1.50 0.607 0.163 20.0 4.0 24.0 1.0 3.033 

 

The values of geometry parameters RW, DS and RS of the 

imaginary potential, the depth parameters VR, W0, and WS, 

and the volume integrals JR/(4A) and JI/(4A) respectively, 

for the real and imaginary parts of the MSF -
24

Mg 

potentials at different incident energies are listed in Table 

2. The range parameter,    of the repulsive part of the - 

potential has been found to be         fm
1

 for the best 

overall fits to the experimental data. The parameter, RW of 

the volume imaginary potential has been kept fixed and 

found to be         fm. The real part of the MSF -
24

Mg potential has volume integrals ranging from  

            ⁄  MeV.fm
3
 to             ⁄  MeV.fm

3
 

in the energy range              MeV. This sort of 

volume integrals for the real part has been found typically 
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for the shallow potential. The volume integral for the 

imaginary part of the potential varies between 

            ⁄  and             ⁄  MeV.fm
3
 in the 

same energy range. Equation (14) gives the deduced 

values of the normalization integrals as          

       and       . According to Eq. (15), 

since     , the renormalization factor has been found 

as Nr =1.0. 

Table 2. Energy dependent parameters along with the volume integrals and 2. E, VR and W0 are in MeV; RW, DS and 

RS, in fm; and JR/(4A) and JI/(4A), in MeV.fm
3
. 

Eα VR µ1 W0 RW WS RS DS JR/(4A) JI/(4A) 2
 

28 290 0.67 17.5 3.80 4.0 0.645 6.0 180.9 72.16 21.37 

42 297 18.0 4.5 174.8 76.22 55.99 

50 300 21.0 5.0 172.1 87.63 27.64 

54 302 26.0 5.0 170.4 102.33 32.12 

67 304 27.0 7.5 168.7 118.22 8.60 

81 306 30.0 7.8 166.9 127.04 9.42 
 

In Fig. 2, the calculated cross sections, using the shallow 

MSF potentials are compared as solid curves with the 

experimental 24
Mgelastic scattering data shown as 

open circles at 6 energy points from 28.0 to 81.0 MeV. It 

is evident from the figure that the shallow MSF potential, 

without any renormalization, produces satisfactory fits to 

the differential 24
Mg elastic scattering data in the 

energy range 28.0-81.0 MeV. 
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Figure 2. The predicted cross sections (solid curves) using the shallow MSF potentials with 3pF DD functions are 

compared with the experimental data (open circles) for the 24
Mg elastic scattering at incident energies          

MeV. The experimental data are taken from Neu et al. (1989). 
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3.1. Energy Dependence of Volume Integrals 

The energy dependence of the volume integrals 

      ⁄            ⁄ , respectively, for the real and 

imaginary parts of the MSF -
24

Mg are also studied in the 

present work. We have employed the following analytic 

relations for the energy dependence of       ⁄  and 

      ⁄  respectively: 

              
 , (19) 

              
 . (20) 

Here JR stands for       ⁄  and JI stands for       ⁄ .  In 

Eq. (19), for the real volume integral, the values of the 

coefficients are:           ,          and   
        . For the imaginary volume integral given in 

Eq. (20), the coefficient values are:           , 
         and         . Figures 3 and 4 
respectively display the variation of       ⁄   and 
      ⁄  with incident  energy.  Here the solid circles 

are the values of       ⁄            ⁄  obtained from the 

analysis, and solid curves represent the analytical fits 

using the relation given in Eqs. (19) and (20) respectively. 
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Figure 3. Energy dependence of JR/(4A) for the MSF -
24

Mg potentials obtained from the analysis of the present 

study. The solid circles are the values of JR/(4A) obtained 

from the analysis and the solid curve is the analytical fit to 

JR/(4A) using Eq. (19). 
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Figure 4. Energy dependence of JI/(4A) for the MSF -

24
Mg potentials. The solid circles are the values of JI/(4A) 

obtained from the analysis and the solid curve is the 

analytical fit to JI/(4A) using Eq. (20). 

3.2. Energy Dependence of W0 and WS 

The energy dependence of the depth parameters, W0 and 

WS of the volume imaginary and surface imaginary 

potentials respectively for the -
24

Mg interaction are 

sought through the following relations: 

              
 , (21) 

              
 . (22) 

Here          ,          and          are 

found for Eq. (21), and          ,        , 

       , for Eq. (22).  The analytical fits to the energy 

dependence of W0 is shown in Fig. 5 and that of WS is 

displayed in Fig. 6. In these figures, the solid circles are 

the values of W0 and WS obtained from the analysis of the 

experimental data and the solid curves are the analytical 

fits to W0 and WS using Eqs. (21) and (22) respectively. 
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Figure 5. Energy dependence of the volume imaginary 

depth, W0 of the MSF -
24

Mg potential. 
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Figure 6. Energy dependence of the surface imaginary 

depth, WS of the MSF -
24

Mg potential. 
 

4. Discussion and Conclusions 

The aim of the present work is to seek for the shallow 

folded potential for the +
24

Mg elastic scattering. In this 

regard, the experimental angular distributions of +
24

Mg 

elastic scattering are analyzed at six energy points 

between 28.0 and 81.0 MeV. The study has been carried 

out with the consideration of the MSF potential resulting 
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from the single-folding model of Abdullah et al. (2003). 

In this model, the target nucleus 
24

Mg is considered to be 

composed primarily of -like clusters and the rest of the 

time in unclustered nucleonic configuration.  

The fits to the data are shown in Fig. 2 in which an 

excellent agreement is observed between the experimental 

angular distributions and the theoretical predictions 

obtained from the MSF potential. The volume integral per 

nucleon pair JR/(4A) for the real part of the potential has 

been found to vary between JR/(4A) = 180.9  MeV.fm
3
 

and  JR/(4A) = 166.9 MeV.fm
3
 in the energy range Eα = 

28.0-81.0  MeV. The integral values are slightly higher 

than those for a typical shallow nucleus-nucleus potential 

[JR/(4A)~100 MeV.fm
3
] (Tariq et al. 1999). However, the 

volume integral for a deep nucleus-nucleus potential is 

about 300 MeV.fm
3
. (Abdullah et al., 2005) Therefore, it 

can be fairly said that the potentials found in this work 

belong to the family of shallow nucleus-nucleus potential. 

The real part of the shallow MSF potential for the +
24

Mg 

system, used in this work, comprises of three components, 

namely, (i) the attractive part of the - potential, (ii) 

the- repulsive part and (iii) the attractive -N 

potential. The derived MSF potentials, employing the 

parameters VA and A for the attractive part of - 

interaction and those V0 and k for the - potential are 

taken from the literature and kept unchanged for all the 

incident energies. The resulting potential is, therefore, 

semi-microscopic in nature. The 3pF DD functions, used 

in the present study, generate five -like clusters with 

4= 20.0 nucleons in them, and AN = 4.0 unclustered 

nucleons in the target 
24

Mg in a time-averaged picture. 

This means that all the 24 nucleons in the target 
24

Mg 

participate in generating the MSF -
24

Mg potential which 

does not require any renormalization over the entire range 

of  energies.  

The present analysis of the 24
Mg elastic scattering data 

using the shallow MSF potentials suggests that the 

unclustered nucleonic density distribution has much 

smaller radius than the radius of the -like clusters (Table 

1). This is in agreement with the works of Abdullah et al. 

(2003, 2003, 2014), Billah et al. (2005) in which they 

showed that the formation of -particle is energetically 

favoured in the surface region of a nucleus. However, this 

confinement of the unclustered nucleons to a smaller 

radius contradicts the works of Hartmann et al. (2001, 

2002). The root mean square (rms) radius of the shallow 

MSF -
24

Mg potential has been deduced and found to be 

          fm. The obtained value of the rms radius 

agrees well with the compilation of De Vries et al. (1987). 

As a consequence of the present study, it seems that an 

acceptable form of the -nucleus potential emerges out 

from the view of the single-folding model of Abdullah et 

al. (2003) which can solve the long standing 

renormalization problem which persists with other deep 

-nucleus potentials (Kobos et al. 1984, Michel et al. 

1986, Khoa 2001, Yang and Li 1993, Farid et al. 2001, 

Avrigeanu et al. 2003, Ornelas et al. 2015). The success 

of the single-folding model of Abdullah et al. (2003) is 

again attributed in the present work to confirm the use of 

elastic scattering as a significant probe to study the -

clustering in nuclei.  
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