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ABSTRACT

We investigate doubly nonlinear parabolic equations with sign changing solutions. We
established the energy estimates to the sign changing solutions within a parabolic domain which
is the key elements to determine the regularity results.
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1. Introduction

Let Q c R™ and for T > 0 define the cylindrical
doamin Q7:= Q x (0,T]. Consider the following
doubly nonlinear parabolic equation

3, ([u|P~?w) — div (Du|p-2Du) =0
weakly in Qp (1.1)
where Aju:= div(|Du|’~?Du) is the p-Laplacian.

For the case p = 2 then this operator transforms to
well known heat equation. In this manuscript, the
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weak solution u is unknown and assumed to be
locally bounded, real function which depends on
both the time and space variables namely x and t in
the cylindrical domain.

In our context, the term structural data indicates the
parameters p and dimensional parameter N. It is
also assumed that the constant y > 0 , need to be
evaluated quantitatively apriori in terms of the
structural data. In addition, denote I'y:= 0Q; —
Qx {T} to be the parabolic boundary of the
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cylindrical domain Q.. For 6 > 0, consider the
following backward cylinders of the form
(%0, o) + Qo (0) = (xo,to) + K,(0) X (=607, 0]
= K,(x0) X (to — 007, to].

For the case 8 = 1, we will call itas Q,.

The findings in this article is the following energy
inequality.

Theorem 1.1 Let u be a local weak sub-solution
to (1.1).Then there exists a constant y(p) > 0 such
that for all cylinders Qgs = Kgr(xo) X (to —
S,ty) € N7, every k € R, and every nonnegative,
piecewise smooth cut off function ¢ vanishing on
0K (xg) X (ty — S, tg), there holds

€SS SUP¢,-s<t<t, f JPA* (k,u) dx

KR(xo)x{t}
+ ff PID(u — k). P dx dt
QRS
<y j f DI — k) + A%(k,1)]3,27|] dx dt

QRrs

A% (k,u) dx (1.2)

+ fKR(xo)X{fo—S} ¢

The definition of a weak solution is given in
Definition 2.1.1. Before deriving the estimates we
need to be sure that our equation has weak solutions.
The existence of global weak solution is established
in [25].

1.1 Novelty and Significance.

The equation (1.1) is a standard equation and is
known as Trudinger’s equation. It is also referred to
as a doubly nonlinear parabolic equation due to the
non-linearity of both the solution and its spatial
gradient. It is of special interest to know why we are
taking this type of equation for research as it has a
splendid mathematical structure and generate mixed
types of degeneracy and/or singularity in partial
differential equations, and connection to physical
models, including dynamics of glaciers [23], shallow
water flows [1, 9, 11] and friction dominated flow in
a gas network ([21]). The Trudinger equation is also
naturally connected to the non-linear eigenvalue
problem —A,u = Alu[P~?u [22], which plays an
essential role in the nonlinear potential theory. The

energy estimation of signed solutions studied by V.
Bdgelein, F. Duzzar and N. Liao in [2] for a more
general equations with structure conditions. The
energy inequalities of this equation is studied by
Trudinger [27], for non-negative weak solutions,
analogous to heat equation. The same is analyzed for
non-negative weak solutions in [17, 18, 19, 26]. Now
its turn to mention our contribution here, we
eradicate the restriction of non-negativity of
solutions instead we choose sign changing solutions
for the energy inequalities to hold. The existence of
weak solution to (1.1) is shown in [24]. The energy
inequalities for doubly nonlinear equations nonlinear
equations has also been studied in [10, 12, 13, 14, 15,
28, 29].

2. Preliminaries

We prepare some notations and technical analysis
tools, which are used later [cf. [2], [3], [4], [5], [6].
(71, [8], [20], [21]].

2.1 Notation

2.1.1 Notion of Local Weak Solution.

A function

u€C(,T;L?

loc

@) nLj

loc

(0,T; Wyt ()
is a local weak sub(super)-solution to (1.1), if for

every compact set C c Q and every
sub-interval [t;,t,] < (0,T]

J TulP~2uddx|? + Wesiepeyy [P 72ud; +
|Du|?~2Du. D{]dxdt < (=)0
for all non-negative test functions

{ € WIP(0,T; LP(C)) n LB, (0, T; W,P(C)).

loc loc
which ensures that all the integrals in (2.1) are
convergent. A function u that is both a local weak
subsolution and a local weak super-solution to (2.1)

is a local weak solution.

21)

2.1.2 Function Spaces on time-space region.

We prepare some function spaces, defined on
space-time region. For 1 < p,q < o,
Li(t,, t,; LP(Q)) is a function space of measurable
real-valued functions on a space-time region
Q X (tq,t,) with a finite norm
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v llpace, ey @)

ty 1/q
_ (f I v(t) IILp(Q) ) (1<qg<wx)
t

1

esssuPy, sese, 1 V() Iy (g = ),

where
II V(t) ||LP(Q):

1/p
(j |v(x, t)|”dx) (1<p<x)
Q

esssupxea|v(x, )| (p = ).

When p = q, we write LP(Q X (t;,t;)

= LP(ty, t,; LP(Q)) for brevity. For 1 < p < « the
Sobolev space WP (Q) is consists of measurable
real-valued functions that are weakly differentiable
and their weak derivatives are p-th integrable on Q,
with the norm

1/p
IIv ”WLP(Q): = (f |U|p + |Vv|pdx) ,
Q

where Vv = (v, ..., Uy,) denotes the gradient of v
in a distribution sense, and let Wol"’(Q) be the
closure of Cy°(Q) with respect to the norm |I-Il,, 1.
Also let Li(t,,t,; I/I/OL”(Q))denote a function space
of measurable real-valued functions on space-time
region with a finite norm

Ly

1/q
” v "Lq(tl to; 1p(Q)> (-Ll ” v(t) "Wlp(Q) dt) .

Let Q c R™ be a bounded domain. For a real
number k and for a function v in L1(E) we define
the truncation of v by
(v —=k); = max{(v —k),0}; (k —v),:
= max{(k — v),0}. (2.2)
For a measurable function v in L'(Q) and a pair of
real numbers k < [, we set
En{v>ly={x€E:v(x)>1}
En{v<k}l={x€eE:v(x) <k}
En{k<v<lh={x€eEk<v)<l}L

(2.3)

2.2 Technical Tools
Following [4], we define the auxiliary function

At(kw:=+@ - 1) f; |sIP72(s — k), ds

2.4

A~ (w:=—@-1) [} Is|P"2(s —k)_ds @4)
for u,k € R . If k = 0, we abbreviate as

At(u) = A*(0,u) and A~ (u) = A (0,u).

It is clear that A* > 0. Now, we will use by
embolden b to denote the signed a-power of b as
pe = {|b|"“1 b,b + 0,

0, b=0.
We state a known lemma; cf. [1, Lemma 2.2] for
a € (0,1) and [13, inequality (2.4)] for a > 1. It is
used to prove the next lemma.

Lemma2.1 Forany a > 0, there exists a constant
B = B(a) such that, for all a,b € R, the following
inequality holds to be valid:

5167 = a®| < (lal + [b)*~*|b ~ al < BIb® ~ a“

On the basis of the above lemma, we prove the
following.

Lemma 2.2 Forall w,k € R,a > 0, there exists
a constant 8 = B(p) such that the following
inequality holds to be valid:

~(Iwl + [kDP2(w — )}
|kDP~2(w — k)%

Proof. We will try to exhibit the proof of A~ and the
estimate for the case A* is analogous. For k < w
we have A~ (k,w) = 0 = (w — k)_. Therefore, we

will consider only k,w € R such that w < k. Then,
we have

< A*(k,w) <y(lwl +

k
Ak w) = (p - 1) f 15172k — s)ds
5(k+w)
> -1 f 15|72k — )ds

_ —(k+w)
p—(k w)JZ |s|P~2ds

Since p — 2 > —1 and as a result the integral on the
right hand side exists. Applying the previous lemma,
we thus obtain

Z(k+w)

1 k
A‘(k, w) > —(k - W)|S|p_25|2

7o (k=w)(jw| + > Ik+W|)” 2(—(k+W) w)

B()

Sz K= w)(wl +5 Ik+WI)”_2

1
" 28()
1

k—w)2(|w| + |k])P~?
> 50 )( 2wl + [k
In our last computation we have used the reasoning
i(lkI+IWI) lwl + Ik +wl < 2(jwl + kI)
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This is the lower bound on A~. Using the same
lemma we can obtain

k
A= (k,w) = (p — 1)f |s|P~2(k — s)ds

k
<@ -1)k- w)f Is|P~2ds

= (k =w)Is|P~2s[;
< Bk —w)(Iw] + |k])P~2
This completes the proof.

For the time regularity of the solution u, we define
the following mollification in time:

def 1 ¢ 5t 1
[u],(x,t) = ;fo e u(x, s)ds for anyu € L}(Qr) (2.5)

Lemma 2.3 (Properties of mollification) [16]
1. IfuelP(Qr) then |l [u],(x,t) e <l
u llpq,y and

d[u]y _u- [uln

at h

Moreover, [u], = u in LP(Q7) as
2. If,inaddition, V([u],) = [Vu],

componentwise,

I V([u]h) ”LP(QT<” Vu ”LP(QT)

and V[u], =» Vu in LP(Q;) as h - 0.
3. Furthermore, if u;, — u in LP(Qy) then also

a 0
[ugln = [u]p and [g’t‘]h N [(;‘t]h

in LP(Q¢). and V[u], - Vu in LP(Q;) as
h - 0.

4. If Vup - Vu in LP(Q7) thenalso V[u], =
V[uly, € LP(Q7).

5. Analogous results hold for weak convergence
in LP(Q7).

6. Finally, ifp € C(Q7) then [¢],(x,t) +
e_%<p(x, 0) = @(x, t) uniformly in Q as
h - 0.

€ LP(Q7).
h-0.

3 Energy Estimates

In this section we derive the main theorem. Here we
consider the sign changing solutions. Sub-solutions
and super-solutions plays different role which will be
emphasize here. When we write “u is a
sub(super)-solution...” and use “+”or “+” in what
follows, we mean the sub-solution corresponds to the
upper sign and the super-solution corresponds to the
lower sign in the statement. First of all, we state the

energy estimates and present the proof for
sub-solution case and the super-solution case is
similar and is not presented here.

Proposition 3.1 Let u be a local weak
sub-solution to (1.1).Then there exists a constant
y(p) >0 such that for all cylinders Qs =
Kg(x9) X (to — S, ty) € N5, every k € R, and every
nonnegative, piecewise smooth cut off function ¢
vanishing on 9K (x,) X (t, — S, ty), there holds

ess Supt0—5<t<t0 fKR(xo)x{t} ZpAi(kv u) dx +
[, . &7IDGu = k). |P dx dt

<y ff [1D7[Put — k). + A% (k,w)|0,3P]] dx dt
QRrs

+ fKR(xo)X{to—S} {PA*(k,u) dx (3.1

Proof. By definition of weak solution u to (1.1), we
have

ﬂ 0 ([ulP"*u)p dx d + ﬂ |Du[P~2Du. Do dx dt < 0
QT QT

t—s
Let us choos ¢(x,t) = %f: e P(x,s)ds and
using it to the above inequality gives

t—s
I, [at(|u|v—2u)% [T emyxs) ds] dx dt +
1, |1DwP2Du. = e DY, 5) ds| dx dt < 0

At first handle the 1st part of the above inequality,
we have

t—s

ff [at(lulp—zu)%f;e%lp(x,s) ds] dx dt
Qr

=f fTat[up‘l]h(x,s)l/)(x,s) ds dx
aJo

T 1 -s
- f uP~1(x, 0) f —en(x,s) ds dx
Q 0 h
Now manipulating the second term gives us

17T t-s
ff [|Du|p‘2Du E,f e’ Dy(x,s) ds] dx dt
t
Qr

T 1 N t—s
= f f [ﬁf (lDulp_ZDu eT) dt] Dy ds dx
QJ0 0

T
=jj [(DW)P~],Dy(x,s) ds dx
aJo
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Aggregating the above two terms then

Jo Jy 0™, 06, )P (x, 5) ds dx +

Jo Iy [OwP1aD(x,5) ds dx

< JyuP7l(x,0) fOT %e%sl,b(x, s) ds dx

Now we will choose the following setting
Qrs = Kr(xo) X (to — S, t0] € Qr, (€
C*(Qg,s, [0,1])be a cut off function such that
¢ =0 on 0Kg(xy) X (t; —S,ty) and Y, €
WL*((ty — S, to), [0,1])such that

(3.2)

{O: t0_5<t<t1_€
1 t_tl
l+—:  fH-e<t<t
Ye():=141 ti<t<t,
t—t
1-— t,<t<t,+e
0: t,+e<t<t,

To get the desired estimates, let ¥ (x, t)
= P (x, e () (u(x, 1) — k)4
After using (3.2), we have
N 0 [uP ™10 (x, $)TP (x, $)e(s) (u(x, 5)
° — k), dsdx

+ fﬂs [(DWP~]nD(CP (x, $)Pe (5) (u(x, s) —
k),)) ds dx

< Jy w0 0) 2 [ R P ()P () (ulx, ) —
k), dsdx (3.3)
Treating each of the terms above separately gives
0 [uP~Hn (x, $)GP (x, $)e(s) (u(x, 5)
Qs
— k), dsdx

1
< = g, (@ +¥:0,P)A* (k, [up-l];’;l)> dx ds(3.4)
Now here aim to show that [uP~1], - uP~! in
|4
Lr-1(Q7) as h - 0

P
J ([uP~1], —uP~Hr-tdx dt
Qr

< ﬂn Uie’(u”‘l(t+rh) —uP~i(t)) dr

1 t s—t E
+ EJ- eruP (x,t)ds; dxdt
0

’ =
< J‘J-QT (j;% ef(uP—l(t + Th.) — up—l(t)) dT) dx dt

1 t s=t l’r%l
+ff (—f eTup‘l(x,t)ds) dx dt
ar \nJo
T

= Il, (f_oi e (P (t + Th) — P (1)) dr)*: dxdt +

>
o, (u?"_1 - u”‘le_ﬁ)p_1 dx dt (3.5)

Thus imposing the limit # | 0 provide us the claim.
Therefore, applying the claim just proved above

Liminfff 0 [uP 1, (x, s) dx ds
o Mg s

>—foRs(zpw;

— .0, P)AT (k,u) dx ds =
t=[h + 1]

We now pass to the limit € | 0. For the term I, we
have foranyt, — S <t; <t, <t,

liml,
elo

= [ ¥P0o ATk ux t) dx

KR

— PP (x,t)AY (k,u(x, ty)) dx
KR
For I, we get

lim/, 0.¢PA* (k,u(x,t)) dx ds

£lo - 'UKRX(tl,fz)
Thus we have,

j 0. [uP ] (x, s) dx ds

QR,s

> 3P (x, t) At (k,u(x, t,))d

KR
-IK

+ ffKRx(tl'tz) 0.¢PA* (k,u(x,t)) dx ds

7P (x, t)AY (k,u(x, ty) dx

R

(3.6)

Now we show that the boundary term disappears as
. _ T1 =5
AL 0lim [, w1 (x,0) (J3 2emw(x,s) ds) dx =0
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Now

Y=
l}ggﬁ ; erp(x,s) ds —1(x,0)

=lim (i) v o) -
Y(x,0)) ds + = [ enip(x, 0) ds}

= lim {—fOT/h e *(Y(x,s) —

hlo_sh
¥ 0)hdr} + lim w5 x,0)
= ([T e () -

=T
Y(x,0)h d} + lim(1 - e ), 0)
It’s turn to treat the diffusion term. After imposing
the limit ~ | 0, we utilize the ellipticity and growth
assumptions and thereafter apply Young’s inequality
to the integral containing the terms (u — k), and
D(u — k), . Hence we can compute the following

lim ﬂnT [(Dw)?P~ ], (x, t) dt dx =

hlo

1t s-t
. - — p_z
%H}ﬂm (’Jo e |DulP~2Du ds)l,b(x,t) dt dx

1 0

= ff <1im—f e Du(x, t + ur)Pt dr) dx dt
o\ hlohJ_t
T h

I, il

e’[Du(x, t + ut)?~ 1] d

SIEN

0

+ Du(x, t)P~? j e dr} dx dt

h

As it is known that if f € L then fOT [f(t+h)—
f(®)]dz~0 as hl0 aswellas

. p—-1 _
I’Hg foT [Dul?™ " ¢(x, t) dt dx =
foT Du(x, t)P~1 dt dx
Thus the diffusion term has the following
computation ffﬂs Du(x,s)P"1Dy(x,s) dx ds
= ﬂ Du(x,s)P"1D(¢PY.(u — k)+) dx ds
Qs

> [fo, D(x,s) = k)5S, dx ds —
yffﬂs Du(x,s)P Y| DOP(u — k) ¢, dxds (3.7)
Combining the above estimates as ¢ | 0, we have
j PAY(k,u) dx + j {P|1D(u
Kpx{tz}

KRrX(t1,t2)

— k), | dx ds

< || mngre- oA wiogen ax e
KRrx(t1,t2)

t feaien SPAT (e u(x t,)) dx (38)

whenever t,—S<t; <t,<t,. The constant

y =y(p). Since u € C(0,T;L},.(Q)). Thus we

have ess sup;,_s<e<t, fKR(xO)x{t} PAY(k,u) dx +
 ¢PID(u ~ k), [P dx dt

< o WIDSIPCu = k)2 +
A*(k,u)|9,3P|] dx dt

ffKRX(fO =S,to

+ fKR(xo)X{to—S} {PA* (k,u) dx

(3.9

In the above approximation we have taken the
essential supremum with respectto t, € (t, — S, to).
After discarding the second integral from left side
which leads to an estimate of the essential supremum
of the first integral. Similarly, discarding the first
integral and passing to the limit t, T t, we arrive at
the estimate for the second integral on the left side.
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