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ABSTRACT 
 

The elastic scattering of -particles from the 50,52,53Cr, 63,65Cu, 64,66,70Zn and 70,72Ge targets at 25 

MeV are analyzed in terms of the non-monotonic (NM) potentials within the framework of the 

optical model (OM). The NM potential is a complex potential with a soft repulsive core in its 

real part bearing the volume integral per nucleon pair around −100 MeV.fm3. The empirically 

adjusted imaginary potential is used in conjunction with the real part of the NM potential to 

reproduce the experimental angular distributions. The derived potentials have been found 

satisfactory in reproducing the cross sections at 25 MeV for the targets studied in this study. 

The variation of volume integrals with target mass number has also been studied which can be 

useful in estimating the volume integral for any isotope at 25 MeV. 
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1.  Introduction 

Many nuclear phenomena such as elastic scattering, 

inelastic scattering, transfer reactions, and projectile 

fragmentation take place when a target nucleus is 

bombarded with a nucleon or light ions. Different 

types of projectiles are allowed to collide with the 

target nucleus, and the interactions are studied 

using scattering, reaction, and bound state data. 

Different nuclear potentials are proposed in order to 

properly explain the experimentally obtained data. 

Out of a number of potentials, the optical model 

(OM) potential is often used as it can explain the 

loss of flux from the incident channel to the 

outgoing channels. The OM potential is a complex 

potential which serves as the OM’s representation 

of a nucleus. In the OM’s representation the 

complex potential has two parts: real part and 

imaginary part. The real part represents elastic 

scattering while the imaginary part takes into 

account of non-elastic processes. The scattering and 

reaction cross sections are obtained from the 

Schrödinger equation when the OM potential is 

taken into account as a function of space 

coordinates and energy of the bombarding particles. 

There are two types of OM potentials. The first one 

is the phenomenological OM potential which is 

obtained from the direct analysis of the 

experimental elastic scattering data. The Woods-

Saxon (WS) (Woods and Saxon 1954) and squared 
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WS (SWS) (Delbar et al. 1978) potentials are of 

this type. The other group, which is called 

microscopic OM potential, is derived from the 

realistic nucleon-nucleon (N-N) interaction. This 

group includes the double-folded (DF) (Brandan 

and Satchler 1997, Satchler and Love 1979) 

potential and non-monotonic (NM) potential (Tariq 

et al. 1999, Abdullah et al. 2005, Billah et al. 2005, 

Hossain et al. 2013). The NM potential has its root 

in the energy-density functional (EDF) formalism 

of Brueckner, Coon, and Dabrowski (BCD) 

(Brueckner et al. 1968). 

The unusual enhancement of cross sections at large 

angles, commonly known as the anomaly in large 

scattering angle (ALAS) (Correlli et al. 1959, 

Gruhn and Wall 1966, Bobrowska et al. 1969, 

Eickhoff et al. 1975, Trombik et al. 1975, Jarczyk 

et al. 1976, Kobos et al. 1974), is a dominant 

feature of the -induced elastic scattering and non-

elastic processes at 𝐸𝛼 ≤ 50 MeV. Corelli et al. 

(1959) first observed the ALAS feature of 

experimental data on the elastic scattering of -

particles for 16O and 32S targets up to about 50 

MeV. Since then, it has been seen to exist for a 

number of other targets up to 48Ca (Gruhn and Wall 

1966, Bobrowska et al. 1969, Eickhoff et al. 1975, 

Trombik et al. 1975, Jarczyk et al. 1976, Kobos et 

al. 1974). At 𝐸𝛼 > 50 MeV incident energy, the 

ALAS effect diminishes producing the so-called 

"rainbow scattering", characterized by a significant 

decrease in cross sections beyond a particular 

scattering angle. 

The elastic scattering of -particles on various 

targets has been shown to be inadequately 

reproduced by the Woods-Saxon (WS) OM 

potential, despite the fact that it can successfully 

explain the nucleon-nucleus elastic scattering 

(Correlli et al. 1959, Gruhn and Wall 1966, Michel 

et al. 1986, Michel et al. 1995). The WS potential 

has been found to be inconsistent in describing the 

data of Kemper et al. (1972) on the elastic scattering 

of -particles by 27Al at 𝐸𝛼 = 22.3 − 27.5 MeV. 

Some energy points need shallow WS potential 

while some other energies require deep WS potential 

to reproduce the experimental angular distributions 

of +27Al elastic scattering. McFadden and Satchler 

(1966) faced the identical problem and had to use a 

shallow potential to fit the data of Budzanowski et 

al. (1964) at 24.7 MeV incident energy. In addition, 

the WS potentials failed to describe the -induced 

inelastic scattering (Bobrowska et al. 1969, 

Budzanowski et al. 1978) and transfer reactions 

(Bland et al. 1980, Jankowski et al. 1984, Bao et al. 

1986, Kajihara et al. 1994). 

The non-monotonic (NM) type of complex potential 

(Manngård et al. 1989, Tariq et al. 1999, Abdullah et 

al. 2003, Abdullah et al. 2005, Billah et al. 2005, 

Hossain et al. 2013) with a soft repulsive core in its 

real part, proposed by Malik and his group (Block 

and Malik 1967, Rickertsen et al. 1969, Reichstein 

and Malik 1971) has been proven to be successful in 

expaining the elastic scattering of -particles on 

various targets. The NM potential can be derived 

from the EDF theory (Brueckner et al. 1968, 

Reichstein and Malik 1971, Malik and Reichstein 

1992) using the sudden approximation and has a 

volume integral per nucleon pair 

𝐽𝑅 (4𝐴) ≈ −100 ⁄ MeV.fm3. Tariq et al. (1999) 

described the  elastic scattering data on 28Si for 

incident energies between 14.5 and 45.0 MeV, 30Si at 

26.6 MeV, and 24Mg at energies between 22.0 and 

120.0 MeV by the NM potential. Abdullah et al. 

(2003, 2005) successfully explained the experimental 

angular distributions of -particles on 27Al and 
40,44,48Ca using the NM type of OM potential. The 

work of Billah et al.(2005) satisfactorily described 

the observed angular distributions of +58,60,62,64Ni 

elastic scattering in terms of the NM potentials. 

Hossain et al. (2013) used NM potentials to 

reproduce the experimental +90Zr elastic scattering 

data in the energy range 15.0 − 141.7 MeV 

bombardment energy.  In the energy range of 79.5 −
141.1 MeV, the shallow NM potential also provides 

a good explanation for the overall structure of the 

nuclear rainbow scattering for +90Zr elastic 

scattering (Hossain et al. 2013).  

In this present study we examine the -particle 

elastic scattering data on 50,52,53Cr, 63,65Cu, 64,66,70Zn 

and 70,72Ge target nuclei at 25 MeV incident energy. 

The purpose of the present work also includes to 

find a relation between the volume integral per 

nucleon pair for the real part 𝐽𝑅 (4𝐴)⁄  at 25 MeV 

with the target mass number of the nuclei studied in 

the present work. 
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2. Non-monotonic Potential 

Block and Malik (1967) first formulated the 

fundamental framework of the NM potential. After 

that, Rickertsen et al. (1969) presented the 16O-16O 

potential which is NM in nature. In a model of 

transient nuclear matter, the parameters of this 

potential were calculated based on the two-nucleon 

potential. However, using the EDF formalism with 

sudden approximation, Brueckner et al. (1968) 

precisely determined the potential with a central 

repulsive core from two-nucleon interaction 

although it had a numerical inaccuracy. The NM 

potential is predicted in both sudden and adiabatic 

approximations, according to the work of 

Reichstein and Malik (1971). The sudden 

approximation was comparable to the one used by 

Rickertsen et al. (1969) to fit the 16O+16O elastic 

scattering data. Later, Haider and Malik (1981) 

eventually expanded the fit to higher incident 

energies. 

The NM potential can be parameterized by the following forms (Manngård et al. 1989, Tariq et al. 1999, 

Abdullah et al. 2005, Billah et al. 2005, Hossain et al. 2013) of real 𝑉𝑁𝑀(𝑟) and imaginary 𝑊𝑁𝑀(𝑟) terms: 

𝑉𝑁𝑀(𝑟) = −𝑉0 [1 + exp (
𝑟−𝑅0

𝑎0
)]

−1

 +𝑉1exp [− (
𝑟−𝐷1

𝑅1
)

2

] + 𝑉𝐶(𝑟),        (1) 

𝑊𝑁𝑀(𝑟) = −𝑊0exp [− (
𝑟

𝑅𝑊
)

2

] −𝑊𝑆exp [− (
𝑟−𝐷𝑆

𝑅𝑆
)

2

].         (2) 

The real potential is made non-monotonic by adding a 

short-ranged repulsive potential in the second part of 

the right hand side of Eq. (1) with the attractive first 

part. Here V0 is the attractive depth with R0 and a0 as 

the radius parameter and diffuseness parameter 

respectively; V1 is the depth of the repulsive 

component with D1 and R1 as the shift parameter and 

the range parameter. We have used 𝐷1 = 0 for 

unshifted repulsive core in this study. Eq. (2) 

comprises both volume and surface type in which W0 

and RW are, respectively, the depth and range 

parameters of the volume imaginary, and WS, RS and 

DS are, respectively, the depth, range and shift 

parameters of the surface imaginary potential. 

The Coulomb potential is then given by 

𝑉𝐶(𝑟) = {

𝑍1𝑍2𝑒2

2𝑅𝑐
(3 −

𝑟2

𝑅𝑐
2)  ,          𝑟 ≤  𝑅𝑐

𝑍1𝑍2𝑒2

𝑟
  ,                            𝑟 > 𝑅𝑐  .

 (3) 

Here Z1 and Z2 are, respectively, the charges of the 

projectile and target nucleus. The Coulomb radius RC 

in the NM potential is equal to 𝑅𝐶 = 𝑅𝐶 + 𝑟𝐶𝐴
1

3, 

where 𝑟𝐶 = 1.35 fm and A is the mass number of the 

target. 𝑅𝐶  is linked with the large tail of the -

particle. 

 

3. Analysis and Results 

The experimental +50,52,53Cr, +63,65Cu, 

+64,66,70Zn and +70,72Ge elastic scattering data at 

𝐸𝛼 = 25 MeV projectile energy are taken from Su 

and Han (1969). These experimental data are 

analyzed using the code SFRESCO which 

incorporates the coupled-channels code FRESCO 

2.5 (Thompson 1988). To fit the experimental 

angular distributions, the chi-square minimization 

code MINUIT (James and Roos 1975) has been 

used in conjunction with SFRESCO. A set of 

parameters is obtained by minimizing the 𝜒2 

defined as 

𝜒2 =
1

𝑁
∑ [

𝜎𝑒𝑥𝑝(Θ𝑖)−𝜎𝑡ℎ(Θ𝑖)

∆𝜎𝑒𝑥𝑝(Θ𝑖)
]

2

𝑖 .       (4) 

Here 𝜎𝑒𝑥𝑝(𝛩𝑖)is the experimental cross section with 

∆𝜎𝑒𝑥𝑝(𝛩𝑖) as its error at the scattering angle 𝛩𝑖 . 

𝜎𝑡ℎ(𝛩𝑖) is the cross section calculated using the 

NM potential by analyzing the data. N is the 

number of data points for a given projectile -

energy.
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Table 1. The NM real potential parameters for the best fits to the +50,52,53Cr, +63,65Cu, +64,66,70Zn and 

+70Ge elastic scattering data along with the volume integrals per nucleon pair. V0 and V1 are in MeV; R0, 

R1, RC, a0 in fm; JR/(4A) in MeV.fm3. 
 

Target V0 R0 a0 V1 R1 RC JR/(4A) 

50Cr 35.96 5.380 0.580 42.24 3.100 10.0 −98.32 
52Cr 20.97 9.324 1.500 42.00 0.969  −396.98 
53Cr 19.34 9.590 1.250 33.00 2.220  −366.87 
63Cu 19.60 10.330 1.162 42.00 0.200  −398.73 
64Zn 12.03 7.880 0.700 60.70 2.650  −79.25 
65Cu 22.95 6.560 0.864 42.00 1.815  −117.04 
66Zn 12.00 8.000 0.767 136.5 2.160  −77.31 
70Zn 13.02 6.600 0.800 31.00 2.900  −49.08 
70Ge 12.70 6.840 0.700 28.33 2.720  −55.75 

 

In order to analyze the experimental +50,52,53Cr, 

+63,65Cu, +64,66,70Zn and +70Ge elastic scattering 

data at 25 MeV in terms of NM potential, we have 

used the real potential given in Eq. (1) in 

conjunction with the imaginary potential given in 

Eq. (2). The potential parameters are searched in 

such a way that the obtained NM potential has 

volume integral 𝐽𝑅 (4𝐴) ≈ −100⁄  MeV.fm3, as the 

NM potential has the volume integral per nucleon 

pair for the real part typically around −100 

MeV.fm3. The whole experimental data are 

analyzed using the NM potential with 𝐷1 = 0. The 

potential parameters along with the volume 

integrals of the real part are tabulated in Table 1. 

The parameters of the corresponding imaginary 

potential, volume integrals per nucleon pair and 2-

values are displayed in Table 2. The value of the 

Coulomb radius is held fixed as 𝑅𝐶 = 10.0 fm for 

all the targets studied in this work. As can be seen 

from Table 1, 52Cr, 53Cr and 63Cu need inconsistent 

values of R0 as well as a0. Accordingly, the volume 

integral per nucleon pair, 𝐽𝑅 (4𝐴)⁄  for the real part 

has unusual values as −397.0, −366.9 and −398.7 

MeV.fm3 respectively for these three targets. While 

the data for 50Cr, 64Zn, 65Cu, 66Zn, 70Zn, and 70Ge 

targets require the integral values from 𝐽𝑅 (4𝐴)⁄ =
−55.75 to 𝐽𝑅 (4𝐴)⁄ = −117.0 MeV.fm3. 

Figures 1 displays the fits to the experimental 

+50,52,53Cr, +63,65Cu, +64,66,70Zn and +70Ge 

elastic scattering data at 25 MeV using NM -

nucleus potential. It is observed that there is an 

excellent agreement between the theoretical 

predictions obtained from NM potentials and the 

experimental data which is also reflected from the 

2-values given in Table 1. 

 

Table 2. The imaginary NM potential parameters for the best fits to the +50,52,53Cr, +63,65Cu, +64,66,70Zn 
and +70Ge  elastic scattering data along with the volume integrals per nucleon pair and 2. W0 and WS are 
in MeV; RS, RW, DS in fm; JI/(4A) in MeV.fm3. 
 

Target W0 RW WS DS RS J1/(4A)  

50Cr 25.6 1.140 0.43 6.815 1.40 −4.28 2.00 
52Cr 5.1 1.868 8.30 5.524 2.88 −91.52 25.1 
53Cr 18.0 0.951 6.03 6.680 3.52 −113.38 7.07 
63Cu 18.6 1.523 5.70 5.780 5.0 −113.42 5.55 
64Zn 13.0 1.234 1.76 10.800 4.365 −65.26 8.20 
65Cu 17.7 1.083 1.70 10.160 2.74 −42.56 3.49 
66Zn 13.1 1.050 7.41 6.460 1.72 −46.87 17.0 
70Zn 6.0 0.800 4.70 4.945 3.16 −34.83 5.91 
70Ge 6.8 1.050 4.70 5.150 3.40 −41.19 7.90 
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Fig 1. The predicted cross sections using the NM potential are compared to the ratio to Rutherford cross sections 
for the +50,52,53Cr, +63,65Cu, +64,66,70Zn and +70Ge elastic scattering data at 25 MeV. The solid curves are the 
theoretical predictions and the open circles are the experimental data, taken from Su and Han (1969). 
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Fig. 2. Variation of |𝐽𝑅 (4𝐴)⁄ | with target mass 

number at 25 MeV for the real NM -50Cr, -65Cu, 

-64,66,70Zn and -70Ge potentials. The solid circles 

are the integral values and the solid line is the 

analytical fit to the data. 
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Fig. 3. Variation of |𝐽𝐼 (4𝐴)⁄ | with target mass 

number at 25 MeV for the imaginary NM -50Cr, 

-65Cu, -64,66,70Zn and -70Ge potentials. The solid 
circles are the integral values and the solid line is 
the analytical fit to the data. 
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4. Mass Dependence of Volume Integral 

The volume integrals per nucleon pair 𝐽𝑅 (4𝐴)⁄  and 
𝐽𝐼 (4𝐴)⁄ , respectively for the real and imaginary 
parts of the -50,52,53Cr, -63,65Cu, -64,66,70Zn and -
70Ge potentials are plotted in Fig. 2 and Fig. 3 to 
show the variation of volume integrals with target 
mass number. Here, the targets 52Cr, 53Cr and 63Cu 
have been omitted as the volume integrals of the 
real part for these nuclei are unusually high for the 
NM potential. For the real part of the NM potential 
for 50Cr, 65Cu, 64,66,70Zn and 70Ge, the following 
analytical relation is employed: 

|𝐽𝑅 4𝐴⁄ | = −1041.5503 + 40.682𝐴 − 0.3578 𝐴².     (5) 

Figure 2 displays the variation of volume integral 
for the real part of the -50Cr, -65Cu, -64,66,70Zn 
and -70Ge potentials. The solid circles in this 
figure are the volume integrals obtained from the 
analysis of the experimental data and the solid line 
is the analytical fit using Eq. (5).    

For the imaginary volume integrals, the following 
analytical form has been employed: 

|𝐽𝐼 4𝐴⁄ | = −1177.7963 + 39.3831𝐴 − 0.3147𝐴².   (6) 

In Fig. 3, the variation of volume integral for the 
imaginary part of the -50Cr, -65Cu, -64,66,70Zn 
and -70Ge potentials are displayed. The solid 
circles in this figure are the volume integrals 
obtained from the analysis of the experimental data 
and the solid line is the analytical fit using Eq. (6).    
 

5. Discussion and Conclusions 

The present study describes the results of analyses 
of the experimental  elastic scattering cross 
sections on 50,52,53Cr, 63,65Cu, 64,66,70Zn and 70,72Ge 
nuclei at 25.0 MeV within the framework of the 
optical model (OM) using the non-monotonic (NM) 
potential. The study uses the real part with an 
unshifted repulsive core (D1=0) to fit the 
experimental angular distributions of the elastic 
scattering of +50,52,53Cr, +63,65Cu, +64,66,70Zn, 
and +70Ge in terms of the NM potential. Although 
the NM potential is able to produce good fits to the 
data (Fig. 1), the volume integral per nucleon pair 
for the real component shows anomalous values for 
52,53Cr, and 63Cu. The volume integrals for these 
three targets are deep, exceeding 350 MeV.fm3 
(Table 1), which is not what is predicted for the 
NM potential. However, except for these three 
targets, the real volume integral has nearly 
consistent values (Table 1). An attempt has also 
been made to show the variation of the volume 
integrals for the real and imaginary parts of the NM 
potential with target mass numbers which are 
shown in Figs. 2 and 3.  

Mass dependent NM -nucleus potentials at 25 
MeV incident energy are obtained in the present 

study which can be used to find the nature of -
nucleus potential for a particular target nucleus. 
Further work needs to be carried out in terms of 
NM potential with shifted repulsive core (𝐷1 ≠ 0) 
to overcome the discrepancy observed in the 
volume integrals for the real part of this potential 
using unshifted repulsive core (𝐷1 = 0). 
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